Introduction {#Sec1}
============

One can distinguish between two main lines of research in low-regularity geometry. One approach is analytical, where one lowers the differentiability assumptions on, for example, (pseudo-)Riemannian metrics below the level where curvature can be classically defined. For example, one can study geometrical properties of (pseudo-)Riemannian metrics that have regularity $\documentclass[12pt]{minimal}
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                \begin{document}$$C^{1, 1}$$\end{document}$, etc., or so-called Geroch--Traschen metrics, for which the Christoffel symbols are $\documentclass[12pt]{minimal}
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                \begin{document}$$L^2_{\mathrm {loc}}$$\end{document}$, and the curvature is well-defined as a distribution \[[@CR16], [@CR28], [@CR39]\]. The other approach to studying low-regularity geometries is by "synthetic" or metric space methods. Here, curvature bounds for Alexandrov spaces and CAT(*k*) spaces are defined in terms of comparison properties of geodesic triangles.

In the context of low-regularity Riemannian geometry, examples of a result of an analytical nature would be DeTurck and Kazdan's study concerning harmonic coordinates \[[@CR9]\], Taylor's results on regularity of isometries \[[@CR42]\] and Lytchak and Yaman's result \[[@CR30]\] that minimising curves for $\documentclass[12pt]{minimal}
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                \begin{document}$$\beta = \frac{\alpha }{2-\alpha }$$\end{document}$. Examples in this direction in the Lorentzian setting are the positive mass theorem for distributional curvature \[[@CR19], [@CR27]\], work on cone structures \[[@CR6], [@CR11], [@CR32]\] and the recent work of extending the classical singularity theorems to $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {C}^{1,1}$$\end{document}$-regularity \[[@CR17], [@CR25], [@CR26]\], which in turn builds on previous results in low-regularity Lorentzian geometry and causality \[[@CR7], [@CR23], [@CR24], [@CR31], [@CR37]\].

In the synthetic direction, the theory of Alexandrov spaces with curvature bounded above and/or below is well-developed as an appropriate generalisation of Riemannian geometry with sectional curvature bounds (see, for instance, \[[@CR2], [@CR4], [@CR36]\]), and the work of Lott--Villani--Sturm gives a generalisation of the notion of a Riemannian metric with lower bound on the Ricci curvature to metric measure spaces \[[@CR29], [@CR40], [@CR41]\].

In this paper, we will concentrate on a generalisation of Lorentzian geometry suitable for the low-regularity setting. More precisely, we shall be interested in the problem of finding low-regularity extensions of spacetimes. Concerning this question, approached from the analytical side, several fundamental contributions have appeared recently. Of particular relevance to us, Sbierski has shown the $\documentclass[12pt]{minimal}
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                \begin{document}$$C^0$$\end{document}$-inextendibility of the Schwarzschild solution \[[@CR38]\]. Building upon Sbierski's work, Galloway, Ling and Sbierski established that global hyperbolicity combined with timelike geodesic completeness implies $\documentclass[12pt]{minimal}
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                \begin{document}$$C^0$$\end{document}$-inextendibility. Further developments in this direction are due to Galloway--Ling and Graf--Ling (see below). In a related direction, Dafermos and Luk have recently shown $\documentclass[12pt]{minimal}
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                \begin{document}$$C^0$$\end{document}$-extendibility of the interior of the Kerr solution \[[@CR10]\].

In this paper, we will concentrate on the synthetic-geometric approach to extendibility. In \[[@CR22]\], the theory of Lorentzian length spaces has been developed, which will form the framework of the present work. In this more axiomatic approach, there is a notion of a geodesic (as a locally length-maximising curve), which is not available in the more analytical direction of research. Therefore, it is possible to mimic the classical proof that geodesic completeness implies inextendibility (see, for example, \[[@CR3], Prop. 6.16\]). Moreover, within this picture, it becomes clear precisely what minimal geometric properties are underlying certain analytical extension results. In particular, for the first time, our approach allows us to directly relate low-regularity inextendibility with (synthetic) curvature blow-up. Such a result does not appear to be feasible in a purely analytical approach, due to the lack of a notion of a curvature for the extended spacetime.

An additional advantage of our synthetic approach is that there is no requirement for the introduction of coordinate systems, and regularity conditions (such as existence of smooth structures, or a certain level of differentiability) never arise. In this regard, it should perhaps be noted that in the analytical work on low-regularity extensions, one has to carry out standard geometrical constructions on the original manifold. As such, even though one works in a coordinate chart of the extended manifold in which the metric is merely continuous, the metric on the intersection of the original manifold with the coordinate chart must be $\documentclass[12pt]{minimal}
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                \begin{document}$$C^1$$\end{document}$ map $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$T^2 \rightarrow \mathbb {R}^3$$\end{document}$.[2](#Fn2){ref-type="fn"} In the coordinate system in which the map is $\documentclass[12pt]{minimal}
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                \begin{document}$$C^1$$\end{document}$, the induced metric will be merely $\documentclass[12pt]{minimal}
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                \begin{document}$$C^0$$\end{document}$, even though we know that there exists a coordinate system in which the metric is smooth. As such, one could consider a more general notion of $\documentclass[12pt]{minimal}
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                \begin{document}$$C^0$$\end{document}$ extensions of spacetimes, where one allows the regularity of the metric on the original manifold to drop. On the contrary, in our approach, such issues never arise. In fact, the extensions that we consider need not even be manifolds.

Our main references for Lorentzian geometry and causality theory are \[[@CR3], [@CR8], [@CR33], [@CR35]\], as well as \[[@CR7]\] for the case of continuous Lorentzian metrics.

The plan of the paper is as follows: In Sect. [2](#Sec2){ref-type="sec"} we briefly recall some main concepts and results on Lorentzian length spaces. Section [3](#Sec3){ref-type="sec"} introduces extensions of Lorentzian (pre)length spaces, relates them to extensions of spacetimes and shows that the future or past boundary of an extension is non-empty. In Sect. [4](#Sec4){ref-type="sec"} we define geodesics in the synthetic setting and show that this notion reduces precisely to that of pregeodesics for spacetimes. We also demonstrate that, as in the smooth case, extendibility as a geodesic is equivalent to continuous extendibility. In Sect. [5](#Sec5){ref-type="sec"} we define an analogue of timelike completeness: a Lorentzian pre-length space is said to have property (TC) if all inextendible timelike geodesics have infinite length. This is the key property on which our main inextendibility result (Theorem [5.3](#FPar25){ref-type="sec"}) rests. We then establish connections between inextendibility and the occurrence of synthetic causal curvature singularities. Finally, in Sect. [6](#Sec6){ref-type="sec"} we relate the results of the present work to the recent advances in the study of the low-regularity inextendibility of spacetimes.

A short introduction to Lorentzian length spaces {#Sec2}
================================================

Here we briefly recall some basic notions and results from the theory of Lorentzian length spaces, following \[[@CR22]\], to which we refer for further details and proofs.
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                \begin{document}$$x\le y$$\end{document}$ we call *x* and *y* timelike, respectively, causally related. Chronological and causal futures and pasts $\documentclass[12pt]{minimal}
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                \begin{document}$$J^\pm (x)$$\end{document}$ of a point *x* are then defined in the usual manner based on these relations.

If *X* is, in addition, equipped with a metric *d* and a lower semicontinuous map $\documentclass[12pt]{minimal}
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                \begin{document}$$\tau $$\end{document}$ is called the *time separation function* of *X*. Note that lower semicontinuity of $\documentclass[12pt]{minimal}
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Standard causality conditions (chronology, (strong) causality, global hyperbolicity, etc.) can also be imposed on Lorentzian pre-length spaces, and substantial parts of the causal ladder \[[@CR33]\] continue to hold in this general setting. A Lorentzian pre-length space *X* is called *causally path-connected* if for all $\documentclass[12pt]{minimal}
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A key technical tool in smooth semi-Riemannian geometry is the existence of convex neighbourhoods, in which the causality is particularly simple and where one has a complete description of length-maximising curves. The analogue of this notion in the present context is the following: A Lorentzian pre-length space *X* is called *localisable* if any $\documentclass[12pt]{minimal}
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Extensions {#Sec3}
==========

We start the main part of our work by defining the notion of an *extension* of a Lorentzian pre-length space, requiring only conditions that are natural within our setting. This concept is fully compatible with the usual notion of extension for spacetimes, see Proposition [3.5](#FPar7){ref-type="sec"}.

Definition 3.1 {#FPar1}
--------------
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Remark 3.2 {#FPar2}
----------
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The following lemma shows that condition (v) of Definition [3.1](#FPar1){ref-type="sec"} required of an extension is in fact not too strong. Moreover, it demonstrates that for smooth strongly causal spacetimes the time separation function determines the metric completely.
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Furthermore, in the case of spacetimes the above result implies that there is no difference between an extension in our sense, and in the usual sense of an isometric embedding (cf. \[[@CR38], Def. 2.15\]. To be precise, we have the following result:
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To illustrate that one can have extensions that are not manifolds, we consider the following example, which is a Lorentzian version of \[[@CR2], Ex. 4.2.5\].
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Fig. 1Non-manifold extension

At this point we can introduce the past and future boundary of Lorentzian pre-length spaces with respect to an extension in complete analogy to the case of spacetime extensions, see \[[@CR14], Def. 2.1\].
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The following result establishes that for any extension of a Lorentzian length space the future or past boundary is non-empty. It is a direct analogue of \[[@CR38], Lemma 2.17\].

Lemma 3.8 {#FPar11}
---------

Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(\tilde{X},\tilde{d},\tilde{\ll },\tilde{\le },\tilde{\tau })$$\end{document}$ be an extension of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(X,d,\ll ,\le ,\tau )$$\end{document}$, where both are Lorentzian length spaces, and denote the corresponding isometry by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\iota $$\end{document}$. Then there is a $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tilde{\ll }$$\end{document}$-timelike curve $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tilde{\gamma }:[0,1]\rightarrow \tilde{X}$$\end{document}$ such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tilde{\gamma }([0,1))\subseteq \iota (X)$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tilde{\gamma }(1)\in \tilde{X}\backslash \iota (X)$$\end{document}$, i.e. $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\partial ^+(X)\cup \partial ^-(X)\ne \emptyset $$\end{document}$.

Proof {#FPar12}
-----

Since $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\iota (X)$$\end{document}$ is a proper and open subset of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tilde{X}$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tilde{X}$$\end{document}$ is connected, we get that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\partial \iota (X)\ne \emptyset $$\end{document}$. Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tilde{p}\in \partial \iota (X)$$\end{document}$ and let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tilde{\Omega }$$\end{document}$ be a localising neighbourhood of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tilde{p}$$\end{document}$ in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tilde{X}$$\end{document}$. Then, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tilde{I}^\pm (\tilde{p})\cap \tilde{\Omega }\ne \emptyset $$\end{document}$ and let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tilde{q}\in \tilde{I}^-(\tilde{p})\cap \tilde{\Omega }$$\end{document}$. We now consider two cases. First, if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tilde{q}\in \iota (X)$$\end{document}$, then since $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tilde{q}\tilde{\ll }\tilde{p}$$\end{document}$ there is a $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tilde{\ll }$$\end{document}$-timelike curve $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tilde{\gamma }:[0,1]\rightarrow \tilde{X}$$\end{document}$ such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tilde{\gamma }(0)=\tilde{q}$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tilde{\gamma }(1)=\tilde{p}$$\end{document}$. Set $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$s_0:=\sup \{s\in [0,1]: \tilde{\gamma }([0,s])\subseteq \iota (X)\}$$\end{document}$, then since $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\iota (X)$$\end{document}$ is open and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tilde{p}\in \partial \iota (X)$$\end{document}$ we have $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tilde{\gamma }(s_0)\in \tilde{X}\backslash \iota (X)$$\end{document}$. Reparametrising $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tilde{\gamma }|_{[0,s_0]}$$\end{document}$ to \[0, 1\] yields the result. The second case is when $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tilde{q}\in \tilde{X}\backslash \iota (X)$$\end{document}$. Now $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tilde{I}^+(\tilde{q})\cap \tilde{\Omega }$$\end{document}$ is a neighbourhood of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tilde{p}\in \partial \iota (X)$$\end{document}$, thus $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\iota (X)\cap (\tilde{I}^+(\tilde{q})\cap \tilde{\Omega })\ne \emptyset $$\end{document}$. Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tilde{r}\in \iota (X)\cap (\tilde{I}^+(\tilde{q})\cap \tilde{\Omega })$$\end{document}$, then $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tilde{q}\tilde{\ll }\tilde{r}$$\end{document}$ and the result follows as in the first case by arguing into the past. $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\square $$\end{document}$

Geodesics {#Sec4}
=========

In this synthetic approach we have the tools at hand to define causal geodesics as locally length-maximising curves. Furthermore, we establish that for spacetimes the synthetic notion is compatible with the analytical one.
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Remark 4.2 {#FPar14}
----------
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To show that for a smooth and strongly causal spacetime this notion is equivalent to the notion of causal pregeodesics, we need the following lemma stating a general property of strongly causal Lorentzian length spaces.

Lemma 4.3 {#FPar15}
---------
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Proof {#FPar16}
-----
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With the above lemma we can now establish the promised compatibility.

Theorem 4.4 {#FPar17}
-----------

Let (*M*, *g*) be a smooth, strongly causal spacetime and let $\documentclass[12pt]{minimal}
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-----
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Note that the above proof also shows that the property of being timelike agrees for causal pregeodesics of (*M*, *g*) and geodesics in the sense of Definition [4.1](#FPar13){ref-type="sec"} (contrary to the case for arbitrary curves, cf. \[[@CR22]\], Ex. 2.22\]).

Definition 4.5 {#FPar19}
--------------
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A well-known property of geodesics in smooth semi-Riemannian manifolds is the fact that extendibility as a geodesic is equivalent to continuous extendibility. Its standard proof relies on the existence of convex neighbourhoods. The following result is an analogue in the setting of Lorentzian pre-length spaces, with localising neighbourhoods working as a substitute.
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Timelike completeness and inextendibility {#Sec5}
=========================================

As discussed in the introduction, our approach allows us to mimic the proof from the smooth case that geodesic completeness implies inextendibility, i.e. \[[@CR3], Prop. 6.16\]. We first introduce an appropriate notion of timelike geodesic completeness for Lorentzian pre-length spaces.

Definition 5.1 {#FPar22}
--------------
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This notion is equivalent to timelike geodesic completeness in the case of smooth and strongly causal spacetimes:

Lemma 5.2 {#FPar23}
---------
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Proof {#FPar24}
-----
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Property (TC) does guarantee inextendibility, as the following result shows.

Theorem 5.3 {#FPar25}
-----------
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Proof {#FPar26}
-----
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We can now relate the low-regularity inextendibility to a blow-up of curvature. More precisely, we have the following result.

Theorem 5.4 {#FPar27}
-----------

Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(X,d,\ll ,\le ,\tau )$$\end{document}$ be a strongly causal Lorentzian length space that has property (*TC*). If *X* is extendible, the extension has a causal curvature singularity \[[@CR22], Def. 4.20\]. Specifically, the extension cannot have bounded upper causal curvature.

Proof {#FPar28}
-----
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We now specialise to the case where the object to be extended is a smooth spacetime. Firstly, recall that *causally plain* spacetimes are precisely those that do not exhibit the bubbling phenomenon. Roughly speaking, a metric is bubbling if it contains a point where the boundary of the future null cone has non-empty interior. (For a precise definition, see \[[@CR7], Definition 1.16\]; cf. also the discussion preceding Lemma 5.6 in \[[@CR22]\].) Spacetimes (*M*, *g*) with *g* a Lipschitz metric are causally plain \[[@CR7], Corollary 1.17\].

The following result is now a direct corollary of Theorem [5.3](#FPar25){ref-type="sec"}.

Corollary 5.5 {#FPar29}
-------------

Let (*M*, *g*) be a smooth, strongly causal and timelike geodesically complete spacetime and let $\documentclass[12pt]{minimal}
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Proof {#FPar30}
-----
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Also in this case of spacetimes we obtain the result that timelike geodesic completeness forces the extension to have a curvature singularity, even though curvature cannot be defined in the usual sense via the Riemann tensor.

Corollary 5.6 {#FPar31}
-------------

Let (*M*, *g*) be a smooth, strongly causal and timelike geodesically complete spacetime and let $\documentclass[12pt]{minimal}
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                \begin{document}$$(M,d^h,\ll ,\le ,\tau )$$\end{document}$ is extendible as a Lorentzian length space then, the extension has a causal curvature singularity. (It cannot have causal curvature bounded above.)

Proof {#FPar32}
-----

This follows directly from Theorem [5.4](#FPar27){ref-type="sec"}, similarly to the proof of Corollary [5.5](#FPar29){ref-type="sec"}. $\documentclass[12pt]{minimal}
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Remark 5.7 {#FPar33}
----------

In \[[@CR1]\], Alexander and Bishop introduced sectional curvature bounds for general semi-Riemannian manifolds. Moreover, they characterised these curvature bounds via triangle comparison with small triangles in model spaces (i.e. the spaces $\documentclass[12pt]{minimal}
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                \begin{document}$$M_K$$\end{document}$ from ([1](#Equ1){ref-type=""}) in the Lorentzian setting), see \[[@CR1], Thm. 1.1\]. As was shown in \[[@CR22], Ex. 4.9\], our definitions in Sect. [2](#Sec2){ref-type="sec"} are compatible with these curvature bounds in this sense and in particular a curvature singularity in our sense implies that there cannot be a corresponding sectional curvature bound in the sense of \[[@CR1]\]. Corollary [5.6](#FPar31){ref-type="sec"} therefore implies that if the extension is assumed to be a smooth and strongly causal spacetime itself, then its sectional curvature as defined in \[[@CR1]\] must be unbounded above.

To conclude this section we note that it is an interesting open question whether one can characterise completeness of timelike geodesics in Lorentzian length spaces via condition (*TC*), analogous to the smooth case, cf. \[[@CR35], p. 154\].

Relation to other results on low-regularity inextendibility {#Sec6}
===========================================================

In this final section we relate our work to further current results on the low-regularity inextendibility of spacetimes.

In \[[@CR18]\] it was recently established that in a (locally) Lipschitz continuous spacetime maximal causal curves have a causal character. This immediately gives that the induced Lorentzian length space $\documentclass[12pt]{minimal}
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                \begin{document}$$(M,d^h,\ll ,\le ,\tau )$$\end{document}$ of a strongly causal Lipschitz spacetime (*M*, *g*) is regular: By \[[@CR7], Cor. 1.17\] and \[[@CR22], Thm. 5.12\] $\documentclass[12pt]{minimal}
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                \begin{document}$$(M,d^h,\ll ,\le ,\tau )$$\end{document}$ is a Lorentzian length space and by \[[@CR18], Thm. 1.1\] it is regular (a fact that was already observed by Graf and Ling in \[[@CR18]\]). From this they deduce that a timelike geodesically complete smooth spacetime is inextendible in the class of Lipschitz spacetimes. Thus, their result is slightly stronger than ours when restricted to spacetimes (compare Corollary [5.5](#FPar29){ref-type="sec"}) as they do not need strong causality of the original spacetime. However, even when restricting to the case where the object to be extended is a spacetime, our result is more general in the following sense:It allows the original spacetime to be of low regularity (continuous and causally plain) as well.There might be continuous strongly causal, causally plain spacetimes inducing a regular Lorentzian length space where the metric is not locally Lipschitz continuous.It applies even to non-manifold extensions, andIt relates inextendibility with curvature blow-up (Theorem [5.4](#FPar27){ref-type="sec"}).In \[[@CR15]\] the authors show that a smooth, timelike geodesically complete and globally hyperbolic spacetime is $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {C}^0$$\end{document}$-inextendible, i.e. there is no spacetime with continuous metric extending the given spacetime. Again, as above, their result is slightly stronger when restricting to spacetimes, since of course not all spacetimes with continuous metrics give rise to a Lorentzian length space, as they need not be causally plain and strongly causal (see, for example, \[[@CR7], Ex. 1.11\]). However, our approach does not need the original spacetime to be globally hyperbolic and (as above) allows it to be of low regularity as well. Moreover, as noted above our result also rules out non-manifold extensions (as long as they are regular Lorentzian length spaces). A closer inspection of the proof of Theorem [5.3](#FPar25){ref-type="sec"} reveals that one does not need that the entire extension is regular. In fact, all that is needed is that a maximal causal curve $\documentclass[12pt]{minimal}
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                \begin{document}$$\gamma $$\end{document}$ that is contained in the original space except for its endpoint (which is on the boundary) is timelike whenever its starting point and endpoint are timelike related in the extension. This is weaker than being regular, as it essentially only concerns points in the original space and its boundary. Thus, the main result of \[[@CR15]\] can be understood in this way: If the smooth spacetime is timelike geodesically complete and globally hyperbolic, then maximal causal curves as above have a causal character. This then yields the inextendibility result.

It should also be noted that in our framework one can define *future/past one-connectedness* \[[@CR38], Def. 2.13\] and *future/past divergence* \[[@CR14], Def. 2.4(2)\] as for spacetimes. Since being extendible forces the future or past boundary to be non-empty by Lemma [3.8](#FPar11){ref-type="sec"}, a further line of study could be to see if, as for spacetimes, future (past) one-connectedness together with future (past) divergence yields empty future (past) boundary (cf. \[[@CR14], Thm. 2.5\]).

To summarise, we have developed a framework where we can show inextendibility of spaces that resemble timelike geodesically complete spacetimes, in a similar spirit as the classical result \[[@CR3], Prop. 6.16\]. Our approach provides a new and unified perspective on the recent results \[[@CR15], [@CR18]\], see the discussion above. Moreover, for the first time we can relate low-regularity inextendibility with a (synthetic) curvature blow-up---a fact that fits well with physical expectations. Finally, it shows that timelike geodesic completeness is a very robust property, which carries over even to spaces that are not spacetimes or even manifolds.

That is, one implicitly must assume that the metric is smooth on $\documentclass[12pt]{minimal}
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                \begin{document}$$\tilde{M}$$\end{document}$ in which the metric is just continuous.

See, for instance, \[[@CR5]\] for an illustration of this example.
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